The fluctuations of the electromagnetic vacuum are one of the most powerful manifestations of the quantum structure of nature. Their effect on the Dirac electrons of graphene is known to induce some spectacular and purely quantistic phenomena, like the Casimir and the Aharanov-Bohm effects. In this work we demonstrate, by using a first principles approach, that the Dirac cone of graphene is also affected by a sizable Lamb shift. We show that the microscopic electronic currents flowing on the graphene plane couple efficiently with the vacuum fluctuations causing a renormalization of the electronic levels (as large as 4 meV) and of the velocities. This Lamb shift is one order of magnitude larger than the value predicted for an isolated carbon atom. Graphene, a two dimensional hexagonal lattice composed of carbon atoms, has become one of the most intensively studied materials in recent years due to its potential applications in technology 1 and in many different fields of theoretical and computational Physics and Chemistry 2 . Graphene based research is opening new possibilities in the field of optoelectronics due to its unique electronic properties 2 (e.g. high carrier mobility, ability to tune the charge density) and it is becoming a contender to replace silicon based electronics, as the latter approaches its nanoscale limits
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1 . An intriguing aspect of graphene is represented by the interaction of its Dirac cone electrons with the quantized electromagnetic field. This is a peculiar effect as most of the equilibrium 3 , as well as out-of-equilibrium 4,5 physics studied in semiconductors and nano-structures rely on a classical description of the external electric and magnetic fields. This assumption is motivated by the use of low-intensity fields, well described within a classical framework.
Nevertheless, the interaction of electrons with quantized magnetic fields is the driving mechanism, among others, of the of Aharonov-Bohm (AB) 6 effect and the Casimir force 7, 8 . The AB effects is a purely quantum mechanical phenomena which does not have a counterpart in classical mechanics. Quantum mechanics, indeed, predicts that a magnetic field B confined in a closed region inside a carbon nanotube will alter the kinematics of the electons traveling around the tube 9, 10 . This is the AB effect that disappears when the external magnetic field is removed. Nevertheless, even in the case where no external magnetic and electric field are present, the electromagnetic field vacuum is still characterized by a finite, non vanishing energy: the zero-point energy (ZPE). This energy is equivalent to the ZPE of a quantistic harmonic oscillator. In the case of the electromagnetic field the oscillators are the photons.
A known manifestation of the ZPE of the electromagnetic field is the Casimir force. If we take two neutrally charged bodies and place them at close distance, the electromagnetic ZPE will lead to the appearance of an additional force between them, the Casimir force. The strength of the Casimir effect on graphene has been studied using quantum field theory together with a Dirac model used to describe the π/π * bands 7, 8 . Surprisingly, a graphene monolayer placed parallel to a perfect flat conductor exhibits stronger Casimir forces at large separation distances and temperature than what was expected for a material as thick as an atom 811 . The Lamb shift affects even a single electron immersed in the vacuum of a quantized electromagnetic field and it does not require the presence of substrate or of an external perturbation. The original observation of the Lamb shift in the Hydrogen atom has represented a cornerstone in the development of quantum electrodynamics. Nevertheless it is still an active field of research 12,13 especially in the case of N-atoms systems where the Lamb shift is expected to be amplified by cooperative effects. It has been observed 14 , indeed, that the presence of additional proximate atoms changes the strength of the interaction with the virtual photons. This cooperative Lamb shift gives rise to superradiance phenomena and corrections to the energy levels of the compound system 15, 16 . Superradiance effects have been observed, for example, in atomic vapours 2 and mesoscopic atomic arrays 17 . A crystalline solid is a simple but clear example of a N-atoms system. Thus we expect that the cooperative emission of virtual photons is amplified. If we add this simple argument to the special interaction of the Dirac electrons with the quantized electromagnetic field we are led to the conclusion that the Lamb shift in graphene can be sizable.
In this work, indeed, we use an ab-initio and atomistic approach to calculate the effect of the interaction of electrons with the quantized electromagnetic vacuum. The problem is rewritten in a Kohn-Sham (KS) basis and the electron-photon interaction Hamiltonian is expanded in plane-waves. We show that this interaction leads to a Lamb shift of the energy levels of graphene as big arXiv:1605.09271v2 [cond-mat.mes-hall] 7 Jun 2016 as −4 meV and a consequent reduction of its electronic speed. We show that only by using an ab-initio approach it is possible to describe the multitude of states involved in the virtual transitions caused by the Lamb shift. In addition we will discuss that, physically, the microscopic mechanism that drives the Lamb shift is the interaction of the electromagnetic field with the microscopic currents caused by the material spatial discontinuity. These currents represent an intrinsic property of any material and, in general, they can be excited only by using an external perturbation. The Lamb shift is a striking quantistic manifestation of their intrinsic existence.
In order to describe the effect induced by the electromagnetic vacuum fluctuations we first introduce the Hamiltonian describing the interaction of the paramagnetic currentĵ (r) with an electromagnetic field,Â (r):
We are interested in calculating the effect of H e−γ in extended systems. Therefore we use a super-cell approach where the atomic lattice is described by a volume Ω repeated periodically. As a consequence, in order to introduce the second quantization for the vector potential, we Fourier expand it:
with Q ≡ q + G a generic point in the reciprocal space composed by a sum of the vector inside the Brillouin Zone (q) and a vector of the reciprocal lattice (G). In Eq.(2) e Qα 18 is the photon polarization vector relative to the photon branch α and orthogonal to Q (we are working in Coulomb's gauge, so ∇·A (r) = 0). ω Q = c|Q| is the energy of the free 19 photon whose creation and annihilation operators ared Qα andd † Qα . In this work we treat the electrons with an ab-initio approach. This is advantageous as the ab-initio framework represents the most up-to-date and accurate method to describe the atomic structure of realistic materials. This approach aims at modeling the ground and excited states of realistic materials and it is incessantly developed thanks to the use of combined numerical and theoretical accurate approaches. This is largely possible thanks to the description of the atomistic properties of the materials by means of Density-Functional-Theory (DFT) 20 . DFT is an ab-initio ground-state theory that allows to calculate exactly the electronic density and the total energy without relying on any adjustable parameter. Thanks to its wide spread use, DFT is now a standard tool commonly used in the vast material science community. As it will be discussed shortly the ability of DFT to calculate all possible empty states will be crucial in describing the wealth of virtual states involved in the transitions that cause the Lamb shift. By using a lowenergy tight-binding or Dirac model this would not be possible.
Thusly, the paramagnetic electronic current density operator, which is defined asĵ (r) ≡ 
). Thanks to Eq.(3) it follows that all ingredients of our approach are calculated ab-initio, in a parameter-free way.
Now that the interaction Hamiltonian is defined we can apply standard perturbation theory. At difference with the electron-electron or electron-phonon cases, the electron-photon interaction can be treated perturbatively as it strength is dictated by the small hyperfine constant α = 1 137 . It is indeed well known that the first non vanishing order in the perturbation expansion of the energy correction in powers of H e−γ accounts for the biggest part of the correction to the energy levels 21 . It is, then, straightforward to show that the second order contribution to the renormalization of the level nk is ε nk = ε KS nk + ∆ nk ({N Qα }) + iΓ nk , with {N Qα } the occupation factors of the photon population, while ∆ nk is the single particle energy shift and Γ nk represents its lifetime. The Lamb shift appears when we assume that there are no photons and N Qα = 0. In this limit ∆ε nk is not zero and provides the zero-point correction to the energy levels:
In Eq. (4), m excludes the contribution m = n when Q → 0. We have also defined
and the transverse matrix τ From Eq. (4) we notice that, as ω Q is linear in |Q|, ∆ nk is divergent for Q → ∞. As explained in the Supplemental Material. the regularization of ∆ nk is obtained by splitting the real part of Eq (4) in the G = 0 and G = 0 parts, so that we can define
with ∆ filled nk | G =0 corresponding to the real part of Eq. (4), with the index m running only on filled levels. It is straightforward to prove that also the electronic speed renormalization, δv nk , can be rewritten in a regular way
The graphene ground state has been calculated using the QE 23 code within the Local Density Approximation (LDA) 20 . Eq.(4) has been implemented in the Yambo code 24 , that is interfaced with QE and can use the calculated KS states. Graphene is simulated by using a 24n by 24n k points grid, where n is an integer, with a unit cell with a lattice parameter of 4.60 [a. In Fig.2 we show the Lamb correction to the energy level (top frame) and velocities (bottom frame). Two aspects are clearly visible. The first is that the Dirac cone is down-shifted of 0.6 meV. This shift is large if compared both to previous calculations and to the case of heavy atoms. Indeed it has been previously predicted 25 that graphene acquires a band-gap as large as 50 µeV induced by the interaction with the electromagnetic field fluctuations. In Ref.
25 however, graphene is described with a single-band model and, as it will be clear below, this represents an approximation that dramatically fails in describing the wealth of virtual states involved in the proper evaluation of the Lamb shift. The result we find is two orders of magnitude larger than in this over simplified model.
In addition our correction is large even if compared to the case of heavy atoms. Indeed, for isolated atoms the Lamb shift is known to scale as an Z 2 . This means that it is, indeed, larger for heavy atoms 26 . These corrections approximatively follow a simple rule: ∆E ∼ ∆E 0 Z 2 with ∆E 0 ≈ 16.86µeV that would imply, for a Carbon atom, a ∆E 0 ≈ 0.6 meV, one order of magnitude smaller that the value we found.
As graphene is composed only by light Carbon atoms the reason for such a large Lamb correction must be searched elsewhere and not in arguments based solely on the atomic number. Equation (4) describes ∆ nk as a process where the initial |nk undergoes virtual transitions to all possible states |mk − q emitting a photon |Q, α . The creation of a virtual population of photons that is annihilated at the end of the process, is an alternative physical picture of the Lamb shift that makes clear its link with the potential space of final states that can be reached.
The dimension of this space represents the multitude of potential final states. This multitude is reminiscent of the multitude of charges that characterize the collective Lamb shift 14 and suggests that, indeed, the shift can be large in extended systems.
In order to highlight the crucial importance of the space spanned by the virtual transition in Eq. (4) we show, in the bottom panel of Fig.1 , the contributions of the different bands to the Lamb shift of the Dirac point.
Another important aspect that emerges clearly from our calculations is that the σ bands are also affected by a correction that is smaller (even if of the same order of magnitude) of the one relative to the Dirac cone. The difference between the σ bands down-shift and the shift of the K point results in a reduction of the occupied band with of 2.13 meV.
From Fig.2 we see that the renormalization of the velocities is one order of magnitude smaller (∼ 5% versus ∼ 0.01%) compared to the case of the electron-phonon interaction 27, 28 . Although small (bellow 1%) the electronic speed renormalization follows the very same trend of the electronic levels, with the π and π * bands more affected than the σ bands. On the other hand the large reduction of the band-width W points to a reduction of the hopping assisted transport with potential implications on the transport properties. In order to pin down the physical motivation of this large Lamb shift we propose an alternative approach. Indeed, the Lamb shift is historically connected with the virtual emission and absorption of photons. This picture is a direct consequence of the perturbative treatment of the interaction Hamiltonian, Eq.(1). Nevertheless, an alternative microscopic interpretation, is based on the classical picture of the interaction of electrical currents with the electromagnetic field. This interaction is at the basis of the Lorentz force, for example, and it is linked with the form of the interaction Hamiltonian.
Even if there are no external fields any material is crossed by microscopic currents caused by the intrinsic spatial discontinuity of the material. Indeed, even if for continuous materials j (r) = 0, for systems like graphene a finite current flows between regions with different density. On the average these currents do not produce a macroscopic current but, nevertheless, do interact with the electromagnetic field. This microscopic interaction is the source of the Lamb shift.
The projection of the electronic current j(r) along the graphene plane is shown in Fig.3 We can see that the microscopic currents flow between regions of different density and mainly along the hexagonal edges. These fluctuations are enhanced by the σ 2 andπ * states while are washed out by the more uniform σ 3 state. Hence the higher energy correction shown in fig.2 . On the average, of course, this microscopic quantity does not produce a macroscopic current. Nevertheless these microscopic currents couple with the microscopic vector-potential in the same way of a macroscopic current generated by an external electromagnetic field.
Here we can clearly see that the microscopic current is mostly zero, with the non-zero regions concentrated along the sides of the graphene hexagon. Therefore, these current fluctuations mainly interact with states which wave function amplitudes oscillates along the hexagonal edges of the unit cell alternating positive to negative regions. As exemplified in Figure 4 , the π and π * states, as well as some σ bands, show this alternating behaviour and, therefore, more strongly interact with the vacuum fluctuations. The more s-like orbitals, instead, have a uniform spatial distribution (see the σ 3 state shown Figure 4) and their Lamb shift is smaller.
In conclusion, using an ab-initio approach, we have predicted that the Dirac cone of graphene is characterized by a sizable Lamb shift induced by the interaction of the massless Dirac electrons with the vacuum fluctuations. We predict this shift to be larger of what is expected from semi-empirical model calculations and also if compared to the case of heavy isolated atoms. This is explained in terms of cooperative effects caused by the presence of a multitude of atoms. Moreover we trace back the different corrections for σ and π bands to their peculiar contribution to the microscopic currents flowing in the material. The present results do contribute to improve the state-of-the-art understanding of the Lamb shift in realistic and extended materials. They clearly bind a quantitative description of the shift to to a careful and parameter-free description of the full spectrum of the graphene electronic states.
